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Abstract I present a short review of recent studies of quarkonium production in proton-proton and proton-
nucleus collisions at collider energies in Small-x formalism.
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1 Introduction
Heavy quark pair production in proton-proton (pp) and proton-nucleus (pA) collisions at high scattering
energies has been studied to investigate nonlinear gluon saturation dynamics [1; 2; 3] inside hadron and
nucleus. Gluon saturation is an universal phenomenon which can appear when nonlinear gluon recombination
effect is no longer negligible at extremely small value of the Bjorken x in hadron and nucleus. In the deep
saturation regime of hadron and nucleus, a transverse size of the gluon is characterized by the saturation scale
Qs inversely. Empirically, the saturation scale for nucleus can be estimated by Q2sA ∼ A1/3x−0.3 with A the
atomic mass number. As an important consequence, the saturation scale for heavy nuclei in the RHIC and
LHC energies is comparable with heavy quark mass. Therefore, the study of heavy quark pair production in
pA collisions has been an intriguing issue in the small-x physics community.
At present, abundant data about heavy quark pair production are available in pp and pA collisions at
RHIC and LHC. Among many observables, quarkonium production has been studied actively, since the trans-
verse momentum distribution of quarkonium production must reflect the saturation dynamics. Thanks to the
effective factorization between heavy quark pair production and bound state formation, we can compare quan-
titatively theoretical calculations with the current available data.
Heavy quark pair production in pp/pA collisions has been addressed in the Color-Glass-Condensate (CGC)
framework or Small-x saturation formalism [4; 5; 6]. In the small-x formalism, pA collision and pp collision
in the forward rapidity region can be regarded as a dilute-dense system in which small-x (large-x) gluons for
target nucleus (projectile proton) participate in hard partonic scatterings. Therefore, rapidity dependence of
transverse momentum gluon distributions for proton and nucleus is important and can be calculated numeri-
cally by means of JIMWLK equation [7; 8; 9; 10; 11] or Balitsky-Kovchegov (BK) equation [12; 13].
In the meantime, as we mention in this paper, description of bound state formation at long distance de-
pends on model. Although elemental quarkonium production mechanism is still a challenge of QCD [14; 15],
the next three kinds of models have been incorporated in the small-x formalism for phenomenology; Color
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2Evaporation Model [16; 17; 18], Color Singlet Model [19; 20], and Color Octet Model or Non-Relativistic
QCD factorization approach [21; 22; 23]. An interesting point is that nuclear dependence of differential cross
section for quarkonium production in pA collisions in the small-x formalism can be universal when large-Nc
approximation is assumed. Thus, the small-x formalism has the power to predict nuclear modification factor
of quarkonium production in pA collisions.
Study of the nuclear modification of quarkonium production in pA collisions is usually expressed as ex-
ploration of cold nuclear matter (CNM) effects, such as nuclear shadowing [24; 25; 26], nuclear absorp-
tion [27; 28], energy loss in cold nucleus [29; 30; 31], comover interaction [32; 33], and the gluon saturation.
Since quarkonium production has been considered as a good probe to examine hot QCD medium created in
high energy heavy ion collisions [34], precise examination of the CNM effects is the essential subject in heavy
ion physics.
Thus far, many theoretical studies have developed individual scenario of the CNM effects and combined a
couple of the effects together. However, a combination of the saturation effect with the other effects has been
hardly yet considered. Recently, incorporating the saturation effect with the energy loss mechanism has begun
but not completed [35]. Although we will restrict our attention to the gluon saturation effect on quarkonium
production in this paper, we must consider all of the CNM effects together to interpret data quantitatively.
This paper is aimed at reviewing the recent studies of quarkonium production from the small-x formalism
point of view and clarifying problems which must be resolved in the future. This paper is organized as follows.
In Section 2, we consider how we should factorize effectively between partonic scattering part at short distance
and bound state formation part at long distance from the small-x formalism viewpoint. Subsequently, we
review the small-x formalism for describing heavy quark pair production in pA collision in Section 3 and 4.
In Section 5, we revisit basic concepts of quarkonium production models. In Section 6 and 7, we compare the
selected results computed in the small-x formalism with data at RHIC and LHC.
2 Probing the gluon saturation
In this section, we consider a concept of factorization between short distance part and long distance part
for quarkonium production in pA collisions in the small-x formalism. The factorization allows us to use safely
quarkonium production in pA collisions as a valuable probe into the gluon saturation inside high energy
nucleus.
We first follow the discussion about time scales separation in target rest frame [19]. In the rest frame
of target nucleus, interaction time of proton scattering off nucleus is characterized by τint ∼ RA in natural
unit. RA is size of target nucleus. Heavy quark pair (qq¯) is produced in pA collisions over the time scale
τP ∼ 12mq
Eg
2mq
where mq is quark mass and Eg is energy of incident gluon which subsequently splits into the
qq¯. Due to momentum conservation, one finds (2mq)2 = xpxAs= 2xpxAMNEp with xp (xA) being longitudinal
momentum fraction of projectile proton (target nucleus) carried by incident gluon. MN is mass scale of nucleon
and Eg = xpEp. Therefore, one can find τP ∼ 12xAMN .
At high scattering energy or forward rapidity (proton going direction), τP is much larger than τint owing
to Lorentz time dilation. Indeed, xp,A can be determined from observables in final state by using xp,A =
e±y
√
M2+P2⊥/
√
s. For example, J/ψ production at low transverse momentum provides 10−2 . xA . 10−3
at RHIC in the forward rapidity and 10−4 . xA . 10−5 at LHC in the forward rapidity. The large scale of τint
suggests that projectile proton interacts coherently with target nucleus. In other words, the qq¯ pair is produced
coherently in high energy pA collision. The coherent interaction between the qq¯ and many gluons in the target
nucleus can reflect important information on the gluon saturation dynamics.
Regarding time scale of quarkonium formation (e.g. J/ψ), we can estimate it as τF ∼ 2Mψ(2S)−MJ/ψ
Eg
MJ/ψ
with MJ/ψ being mass of J/ψ and Mψ(2S) being mass of ψ(2S). Since binding energy of quarkonium must be
much smaller than mq, one can find immediately τF  τP. Thus, for quarkonium production in high energy
pA collisions, we obtain
τF  τP τint . (1)
Eq. (1) expresses that dynamics of bound state formation can be decoupled from target nuclear matter effect.
However, as discussed in Ref. [36], the factorization Eq. (1) could be a subtle in the center of mass frame in
pA collision. Therefore, let us elaborate the above discussion again in the center of mass frame in pA collision.
3As mentioned in Section 1, transverse momentum (P⊥) distribution of quarkonium production in pA colli-
sions should reflect the saturation dynamics. Therefore, when we restrict ourself to quarkonium production at
very low P⊥, we can assume ΛQCD P⊥ ∼QsAM in the partonic hard scattering level. Here M is quarko-
nium mass and QsA is the saturation scale of the gluon inside target nucleus. The qq¯ pair gains P⊥ ∼QsA from
the multiple scattering in target nucleus.
Next we consider a characteristic scale of the bound state formation process. Thus far, Color Evaporation
Model (CEM) and Non-Relativistic QCD (NRQCD) approach have succeeded in describing data of quarko-
nium production in pp collisions at collider energies. Therefore, now we suppose that we can apply these
approaches to quarkonium production in pA collisions. In NRQCD and CEM, relative velocity of heavy quark
(v) and strong coupling constant are the essential expansion parameters for long distance matrix elements [37].
Therefore, the momentum of the produced quark (mqv) can characterize the bound state formation. From the
factorization viewpoint, long distance dynamics which is expressed by mqv must be decoupled from short
distance dynamics which is embedded in QsA. However, if QsA ∼ mqv∼Mv/2 for quarkonium production at
mid rapidity, the short distance part can interfere with long distance part. Therefore, the v-expansion for the
long distance matrix elements can be unclear.
Nevertheless, in the very forward rapidity region, thanks to the Lorentz time dilation, one can find
1
mqv
P‖
M
 1
P⊥
∼ 1
QsA
(2)
where P‖ ≈M coshy. Therefore, at y ln 2mqvP⊥ ∼ ln
Mv
QsA
, the effective factorization between the qq¯ pair pro-
duction and the bound state formation is justified in both CEM and NRQCD approach except for the case of
v→ 0, which corresponds to Color Singlet Model. Indeed, v→ 0 allows Eq. (2) to be valid even at backward
rapidity (y 0). However, the small-x formalism is not suitable to describe the qq¯ pair production in pA
collisions at backward rapidity, as explained in the next section. We must keep in mind in this respect.
Here, a comment on the effective factorization is noted. In the above discussion, we assume that the qq¯
can be transmuted into quarkonium enough outside of target nucleus without any nuclear medium effect in
final state. In fact, we might need to take into consideration final state interaction such as comover interaction
in the small-x formalism to describe ψ(2S) suppression in pA collisions [32; 33]. In general, final state inter-
action can violate the effective factorization. Therefore, the above discussion could not be justified for ψ(2S)
production. This issue is beyond the scope of this paper. Therefore, we restrict ourself to ground state such as
J/ψ andϒ by assuming that final state interaction can be negligible for their production.
3 Heavy quark pair production in the small-x formalism
We review qq¯ production in pA collisions in the small-x formalism. Thus far, only the qq¯ production
at leading order (LO) in strong coupling has been discussed in the small-x formalism. In Refs. [38; 39],
the authors derived an expression of the differential cross section for the qq¯ production in pA collisions in
momentum space by using covariant gauge. In this expression, k⊥-factorization is apparent approximately 1.
A similar result for single heavy quark production is derived in Ref. [40] but the derivation has been completed
in coordinate space by using light cone gauge. Furthermore, they independently improved their results in order
to take into account the quantum evolution effect via the JIMWLK or the BK equation [16; 41]. In fact, many
recent numerical calculations of quarkonium production in pA collisions in the small-x formalism are based
on Refs. [38; 39]. Therefore, in this paper, we restrict ourself to the small-x formalism derived in Ref. [38; 39].
3.1 Framework
In the small-x formalism, pA collision can be regarded as a collision of two classical fields moving along
different light cone axes. Here we choose the light cone frame in which projectile proton is going along light
1 Exactly speaking, k⊥-factorization is violated for the qq¯ production in pA collisions due to the multiple scattering effect.
k⊥-factorization is ensured when the target nucleus is dilute for which the multiple scattering of the qq¯ in the target nucleus is
replaced by one gluon exchange. See Refs. [16; 42].
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Fig. 1 Partonic scatterings at leading order for heavy quark pair production in pA collisions.
cone “+ ” axis while target nucleus is moving along light cone “− ” axis. Valence partons inside proton and
nucleus are described by solving classical Yang-Mills equation [38]:
[Dµ ,Fµν ] = Jν (3)
with Jν = gδ ν+δ (x−)ρp(x⊥)+ gδ ν−δ (x+)ρA(x⊥) being a color current of pA collision. ρp (ρA) is a color
charge density of valence parton in the proton (nucleus). The solution of the classical Yang-Mills equation
corresponds to the background gauge field created in pA collision. The order of the background gauge field
in pA collision is O(ρ1pρ∞A ). In the meantime, small-x gluons are radiated from large-x valence partons. This
radiation process can be described by the JIMWLK equation.
The qq¯ production amplitude in pA collisions in the small-x formalism can be expressed as
Ms1s2;i j(q, p) =
g2
(2pi)4
∫
d2k⊥d2k1⊥
ρp(k1⊥)
k21⊥
∫
d2x⊥d2y⊥eik⊥·x⊥ei(P⊥−k⊥−k1⊥)·y⊥
×u¯s1,i (q)
[
Tg(k1⊥)tbW ba(x⊥)+Tqq¯(k1⊥,k⊥)U(x⊥)taU†(y⊥)
]
vs2, j (p) (4)
where
Tqq¯(k1⊥,k⊥)≡ γ
+(/q−/k+m)γ−(/q−/k−/k1+m)γ+
2p+[(q⊥− k⊥)2+m2]+2q+[(q⊥− k⊥− k1⊥)2+m2] ,
Tg(k1⊥)≡
/CL(p+q,k1⊥)
(p+q)2
. (5)
CµL (p+q,k1⊥) is the Lipatov effective vertex and its components are defined as follows:
C+
L
(q,k1⊥)≡
−k21⊥
q−
+q+, C−
L
(q,k1⊥)≡
k22⊥
q+
−q−, Ci
L
(q,k1⊥)≡−2ki1+qi. (6)
u and v are spinors of a quark and antiquark with spin s1 and s2, respectively. q and p are three momentums of
a quark and antiquark, respectively. k1⊥ is the transverse momentum of the incident gluon from the projectile
proton. k2⊥≡ p⊥+q⊥−k1⊥ is the transverse momentum transfer from the target nucleus to the qq¯ pair carried
by the gluons from the target nucleus . Eq. (4) represents two physical processes as depicted in Fig. 3.1: (i) an
incident gluon suffers multiple scattering with many gluons in the target nucleus and subsequently splits into
a qq¯ pair. (ii) a qq¯ pair is produced first and subsequently scatters off the target nucleus. In the high scattering
energy, the transverse positions of the qq¯ and gluon are almost frozen during they pass through the target
nucleus. Therefore, in Eq. (4), we express the multiple scattering of the quark (antiquark) and the gluon in the
target nucleus by the Wilson line in the fundamental and adjoint representation with Eikonal approximation:
U(x⊥) =P+ exp
[
ig
∫ +∞
−∞
dz+A−A (z
+,x⊥) · t
]
,
W (x⊥) =P+ exp
[
ig
∫ +∞
−∞
dz+A−A (z
+,x⊥) ·T
]
(7)
where A−(z+,x⊥) is the gluon field inside the target nucleus. ta and T ai j are the generators of SU(3) group in
the fundamental and adjoint representation, respectively.
5The qq¯ production cross section for minimum bias event in pA collisions at classical level can be obtained
by averaging the squared amplitude over the distributions of the classical color sources ρp and ρA as follows:
dσˆqq¯
d2q⊥d2p⊥dyqdyp
=
1
[2(2pi)3]2
∫
d2b⊥
∫
DρpDρAWp[ρp]WA[ρA]|Ms1s2;i j(q, p)|2 (8)
whereWp andWA are the weight functionals of ρp and ρA, respectively. b⊥ is impact parameter in pA collision.
Rapidity dependence of Eq. (8) is embodied in the weight functionals which obey the JIMWLK equation [6].
3.2 Multi-point Wilson line correlators
In general, wave function of target nucleus in high energy can be expressed as a correlation function of
multi-point Wilson line. The multi-point Wilson line correlator depends on the color state of the produced qq¯
pair in pA collisions. Therefore, the multi-point Wilson line correlator can be much complicated in general.
However, large-Nc approximation allows us to simplify the multi-point Wilson line correlator. We clarify in
this respect below.
3.2.1 Summing over the color of the produced qq¯
First of all, let us consider the case that all the spin and the color of the produced qq¯ pair are summed over,
since it is straight forward to see how the multi-point Wilson line correlator appears in this case. By summing
over the spin and the color of the produced qq¯ pair, Eq. (8) can be cast into
dσqq¯
d2q⊥d2p⊥dyqdyp
=
αs
(2pi)6CF
∫ d2k1⊥
(2pi)2
ϕp,Yp(k1⊥)
k21⊥k
2
2⊥
×
[∫ d2k⊥d2k′⊥
(2pi)4
Ξ qq¯,qq¯φ qq¯,qq¯A,YA +
∫ d2k⊥
(2pi)2
Ξ qq¯,gφ qq¯,gA,YA +Ξ
g,gφ g,gA,YA
]
︸ ︷︷ ︸
=⇒∫ d2k⊥
(2pi)2
Ξ(k1⊥,k2⊥,k⊥)φ
qq¯,g
A,YA
(k2⊥,k⊥)
(9)
where we have used the large-Nc approximation and the sum rule 2. Ξ = Ξ qq¯,qq¯+Ξ qq¯,g+Ξ g,g is the partonic
hard scattering part. ϕp,Yp(k⊥) is the unintegrated gluon distribution function (UGDF) of projectile proton 3
and its definition is given by
ϕp,Yp(k⊥) =
(2pi)2αsS⊥
k2⊥
∫
d2x⊥eik⊥·x⊥〈ρp(0)ρp(x⊥)〉Yp . (10)
The multi-point Wilson line correlator of the target nucleus in the large-Nc approximation can be written as
φ qq¯,gA,YA(k2⊥,k⊥)≡ S⊥
Nck22⊥
2
∫
d2x⊥d2y⊥eik⊥·x⊥+i(k2⊥−k⊥)·y⊥
1
N2c
〈tr[U(x⊥)taU†(y⊥)tbWba(0⊥)]〉YA
≈ S⊥
Nck22⊥
4
FYA(k2⊥− k⊥)FYA(k⊥) (11)
where we have used the Fierz identity as well as the identity tbW ba(x⊥) =U(x⊥)taU†(x⊥). Fourier transform
of the fundamental dipole amplitude is defined by
FY (k⊥)≡
∫
d2x⊥e−ik⊥·x⊥SY (x⊥) =
∫
d2x⊥e−ik⊥·x⊥
1
Nc
〈
Tr
[
U(x⊥)U†(0⊥)
]〉
Y . (12)
The subscript Yp = ln1/xp of 〈· · · 〉 in Eq. (10) represents the rapidity gap between the produced qq¯ and the
projectile proton. Similarly, YA = ln1/xA in Eq. (11) represents the rapidity gap between the produced qq¯ and
2 Here, we refer to the identity
∫ d2k⊥d2k′⊥
(2pi)4 φ
qq¯,qq¯
A,YA
=
∫ d2k⊥
(2pi)2 φ
qq¯,g
A,YA
= φ g,gA,YA as the sum rule. See Ref. [39].
3 φ g,gp,x can be reduced to ϕp,x at leading twist approximation. Indeed, φ g,gp,x is mostly used for numerical calculations instead of
ϕp,x because we can easily take into account the quantum evolution effect in φ g,gp,x via the BK equation [17].
6the target nucleus. xp = k+/P+p and xA = k
−/P−A are longitudinal momentum fraction of the gluon inside the
projectile proton and the target nucleus, respectively. By assuming that the impact parameter dependence of
the qq¯ production in pA collisions is weak, the integral over the impact parameter converts into the transverse
area of the nucleus S⊥ explicitly. As we will see later, Eq. (9) is used as the qq¯ production part in the CEM to
compute quarkonium production cross section in pA collisions.
3.2.2 Projection into the color singlet and octet state for the produced qq¯
More complicated calculations are required to describe the qq¯ production in color singlet state and color
octet state in pA collisions. In this respect, the use of NRQCD projection operators in association with the
spin, the angular momentum, and the color of the produced qq¯ pair is essential. As derived in Ref. [21], by
using the NRQCD projection operators, Eq. (4) can be cast into
MJz,(1,8c)(P) =g2
∫ d2k⊥d2k1⊥
(2pi)4
ρp(k1⊥)
k21⊥
∫
d2x⊥d2y⊥eik⊥·x⊥ei(P⊥−k⊥−k1⊥)·y⊥
×
{
tr[C(1,8c)tbW ba(x⊥)]F Jzg (P,k1⊥)+ tr[C
(1,8c)U(x⊥)taU†(y⊥)]F
Jz
qq¯(P,k1⊥,k⊥)
}
(13)
according to the spin and the color of the produced qq¯ pair. Here,
F Jzqq¯(g) = ∑
Lz,Sz
〈LLz;SSz|JJz〉×
{
tr
[
Π S,SzTqq¯(g)
]∣∣
l=0 (S-wave)
ε∗µ(Lz) ∂∂ lµ tr
[
Π S,SzTqq¯(g)
]∣∣∣
l=0
(P-wave).
(14)
P is the total momentum of the qq¯ pair and l is the relative momentum between the quark and antiquark.
ε∗µ(Lz) is the polarization vector of the produced qq¯ with the angular momentum Lz. In Ref. [21], the color
projection operators are defined as C1 = 1/
√
Nc and C8c =
√
2tc and the covariant spin projection operators
are defined as
Π S,Sz =
√
1
m ∑s1,s2
〈1
2
,s1;
1
2
,s2
∣∣∣S,Sz〉v(p)u¯(q) (15)
where
√
1
m is the normalization factor
4.
By using Eq. (13), the differential cross section for the qq¯ production in color singlet intermediate state in
pA collisions can be written as
dσCSqq¯
d2P⊥dy
=
2αs
(2pi)3(N2c −1)
∫ d2k1⊥d2k⊥d2k′⊥
(2pi)6
ϕp,Yp(k1⊥)
k21⊥
1
2J+1∑Jz
F Jzqq¯(P,k1⊥,k⊥)F
Jz†
qq¯ (P,k1⊥,k
′
⊥)
×
∫
d2x⊥d2x′⊥d
2y⊥d2y′⊥e
i(k⊥·x⊥−k′⊥·x′⊥)ei(k2⊥−k⊥)·y⊥e−i(k2⊥−k
′
⊥)·y′⊥ 1
Nc
〈tr[U(x⊥)taU†(y⊥)]tr[U(y′⊥)taU†(x′⊥)]〉YA .
(16)
One can understand immediately that the diagram depicted in Fig. 3.1 (left) never contribute to the color
singlet qq¯ production because the gluon, which is the colored object, cannot be transmuted into the color
singlet object without any gluon radiation in final state. Here, by using the Fierz identity and the large-Nc
approximation at the last line in Eq. (16), the multi-point Wilson line correlator can be written as
1
Nc
〈tr[U(x⊥)taU†(y⊥)]tr[U(y′⊥)taU†(x′⊥)]〉YA ≈
1
2
[
QYA(x⊥,y⊥;y
′
⊥,x
′
⊥)−SYA(x⊥,y⊥)SYA(y′⊥,x′⊥)
]
(17)
where the first term in the brackets is referred to as the quadrupole amplitude which is given by
QYA(x⊥,y⊥;y
′
⊥,x
′
⊥)≡
1
Nc
tr〈U(x⊥)U†(x′⊥)U(y′⊥)U†(y⊥)〉YA . (18)
4 One can find in Ref. [21] that u¯u = −v¯v = 2m for free Dirac spinors and 〈qq¯|qq¯〉 = 4m for composite field yield the
normalization factor
√
4m√
2m
√
2m
=
√
1
m .
7Interestingly, the quadrupole amplitude can survive even if we take the large-Nc approximation. This implies
that the produced qq¯ pair in the color singlet state can carry the information on the quadrupole amplitude for
the target nucleus. The quadrupole amplitude never appears in Eq. (9).
Similarly, the differential cross section for the qq¯ pair production in the color octet state in pA collisions
is given by
dσCOqq¯
d2P⊥dy
=
2αs
(2pi)3(N2c −1)
∫ d2k1⊥d2k⊥d2k′⊥
(2pi)6
ϕp,Yp(k1⊥)
k21⊥
×
∫
d2x⊥d2y⊥d2x′⊥d
2y′⊥e
ik⊥·x⊥−ik′⊥·x′⊥ei(P⊥−k⊥−k1⊥)·y⊥e−i(P⊥−k
′
⊥−k1⊥)·y′⊥
× [ΞCO1 WYA(x,y;y′,x′)+ΞCO2 WYA(x,y;x′,x′)+ΞCO3 WYA(x,x;y′,x′)+ΞCO4 WYA(x,x;x′,x′)] (19)
where ΞCO1∼4 are the hard scattering matrix elements and
WYA(x,y;y
′,x′)≡ 2
N2c −1
〈tr[tcU(x⊥)taU†(y⊥)]tr[U(y′⊥)taU†(x′⊥)tc]〉YA
=
1
2(N2c −1)
[
〈tr[U(y′⊥)U†(y⊥)]tr[U(x⊥)U†(x′⊥)]〉YA −
1
Nc
〈tr[U(x⊥)U†(y⊥)U(y′⊥)U†(x′⊥)]〉YA
− 1
Nc
〈tr[U(x⊥)U†(x′⊥)U(y′⊥)U†(y⊥)]〉YA +
1
N2c
〈tr[U(x⊥)U†(y⊥)]tr[U(y′⊥)U†(x′⊥)]〉YA
]
≈1
2
SYA(y
′
⊥,y⊥)SYA(x⊥,x
′
⊥). (20)
In order to derive the last line in Eq. (20), we have used the Fierz identity and the large-Nc approximation. As
a result, Eq. (19) can be reduced to
dσCOqq¯
d2P⊥dy
=
αsS⊥
(2pi)3(N2c −1)
∫ d2k1⊥d2k⊥
(2pi)4
ϕp,Yp(k1⊥)
k21⊥
FYA(k2⊥− k⊥)FYA(k⊥)ΞCO (21)
where ΞCO =∑iΞCOi =
1
2J+1 ∑Jz |F Jzqq¯+F Jzg |2. Eq. (21) is the same as Eq. (9) to the extent that the multi-point
Wilson line correlators can be expressed in terms of the dipole amplitude only, although the hard scattering
matrix elements are different.
Eq. (16) and Eq. (21) are used to calculate quarkonium production in pA collisions incorporated with the
NRQCD long distance matrix elements. In fact, as we will see later, a contribution of the color singlet qq¯
production to J/ψ total cross section in pp and pA collisions at RHIC and LHC can be negligible compared
to a contribution of the color octet qq¯ pair production. Therefore, of particular importance is that the nuclear
dependence of the qq¯ production cross section can be the same both in the CEM and the NRQCD approach
since the multi-point Wilson line correlator in Eq. (9) is the same as that in Eq. (21) [21; 36].
3.3 Hybrid approach for forward qq¯ production
At forward rapidity5 where xp ∼ 1, the phase space of the gluon distribution in the projectile proton
shrinks. As discussed in Refs. [16; 17; 21], it is not hard to understand that all of the hard matrix elements
in Eqs. (9)(16)(21) are quadratic in k1⊥ when k1⊥→ 0. Therefore, the quadratic part k21⊥ in the hard matrix
elements cancels out k21⊥ in the denominator when k1⊥ → 0. Thus, we can safely replace the UGDF of the
projectile proton with the collinear gluon PDF [43] when k1⊥ → 0, although the multi-point Wilson line
correlator for the target nucleus remains without any change. A combination of the collinear gluon PDF
and the multi-point Wilson line correlator is referred to as Hybrid approach in contrast to the kt-factorization
approach. The UGDF for the projectile proton is related to the usual collinear gluon PDF through the following
definition [16; 17; 21]:
xpG(xp,µ)≡ 14pi3
∫ µ2
dk2⊥ϕp,Yp(k⊥) (22)
where µ is factorization scale.
5 In this paper, proton moving direction (nucleus moving direction) is defined as forward (backward) rapidity.
84 Quantum evolution at small-x
In this section, we briefly comment on the rapidity evolution of the dipole amplitude. We also comment
on the quadrupole amplitude.
4.1 The dipole amplitude
For phenomenological study, the rapidity evolution effect at small-x is important to compare theoretical
results obtained in the small-x formalism with data quantitatively. Essentially, the JIMWLK equation controls
the rapidity dependence of the multi-point Wilson line correlator. However, as explained in the previous
section, in the large-Nc approximation, the multi-point Wilson line correlator can be expressed in terms of
the dipole amplitude like Eq. (11) and Eq. (20). Therefore, the rapidity evolution of the dipole amplitude
is particularly important at small-x. In practice, the rapidity evolution of the dipole amplitude is usually
described by the BK equation for the reason that we can save numerical costs. The BK equation is given
by
−dSY (r⊥)
dY
=
∫
d2r1⊥K (r⊥,r1⊥) [SY (r⊥)−SY (r1⊥)SY (r2⊥)] (23)
with r⊥ = r1⊥+r2⊥.K is the the evolution kernel. At present, the BK equation with running coupling kernel
(rcBK equation) [48] is the state of the art technology for phenomenology [17; 22; 49; 50] and provides the
slow evolution speed.
The initial condition for the rcBK equation can be constrained by global data analysis at HERA DIS 6
by using the modified McLerran-Venugopalan (MV) model [51] as the initial condition at x0 = 0.01 with the
following functional form:
SY=Y0(r⊥) = exp
[
− (r
2
⊥Q
2
s0)
γ
4
ln
(
1
|r⊥|Λ + ec · e
)]
. (24)
In Refs. [52; 53], they obtained the parameters set referred to as MVγ with γ 6= 1 and ec = 1. Another parame-
ters set referred to as MVe with γ = 1 and ec 6= 1 are obtained in Ref. [54]. Both MVγ and MVe parameters set
can be used for the rcBK equation for the proton. When γ = 1 and ec = 1, Eq. (24) recovers the quasi-classical
MV model which includes multiple scattering effect.
In contrast to the initial condition for the proton, we need to make a model for the initial condition for the
rcBK equation for the nucleus due to lack of precise data of e+A collision. Examples of the initial condition
for the nucleus are listed below.
• Homogeneous approximation
The saturation scale of the nucleus should be proportional to the atomic mass weight A1/3. Therefore,
we should replace the initial saturation scale for the proton with the one for the nucleus in Eq. (24) as
follows:
Q2s0,A = Ncoll Q
2
s0 ≈ cA1/3Q2s0, (25)
where Ncoll or c is an input parameter which can be tuned by data fitting. Eq. (25) is referred to as ho-
mogeneous approximation in this paper because the gluon density in the transverse plane is assumed to
be homogeneous due to the assumption that the impact parameter dependence is weak. This assumption
could be a reasonable approximation as far as we restrict ourself to minimum bias events in pA colli-
sions [17; 23; 55]. However, if we set c = 1 as a naive expectation, the small-x formalism provides a
strong nuclear suppression of J/ψ production in pA collisions at LHC in the forward rapidity region as
we will see in Section 6 [17].
Although not much data are available, in Ref. [56], they fitted the value of c in the initial condition
for the dipole amplitude for the nucleus from nuclear DIS data at CERN SPS. The fitted value is roughly
c∼ 0.5 and it can provide a reasonable result of J/ψ suppression in pA collisions compared to the result
with c = 1. Of course, the small value of c corresponds to the smaller value of Ncoll than what we have
expected. However, the physics behind it is poorly understood now.
6 In fact, it is also required to constrain not only the dipole amplitude but also the one-loop coupling constant in the coordinate
space simultaneously. See Refs. [52; 53; 54].
9• Glauber model approach
In Refs. [18; 54; 57], they addressed the initial condition for the nucleus by using optical Glauber
model with MVe parameters set. This is because we do not need to tune Ncoll when we use the Glauber
approach in contrast to Eq. (25). In Refs. [18; 54; 57], they set the rcBK initial condition for the nucleus
to be
SY=Y0(r⊥;b⊥) = exp
[
−ATA(b⊥)σ02
r2⊥Q
2
s0
4
ln
(
1
|r⊥|Λ + ec · e
)]
(26)
where TA(b⊥) is Woods-Saxon nucleon distribution. σ02 =
∫
d2b⊥ is the effective transverse area of the
proton and determined by DIS data fitting [54]. In fact, the fitted value of σ02 is smaller than σ
inel
pp which
has been used in previous phenomenological study using Monte Carlo Glauber [49]. Therefore, we can
estimate that the Ncoll used in Refs. [18; 54; 57] is smaller than the one obtained in Ref. [49] due to
σ0
2 < σ
inel
pp . As we will see in Section 6, the Galuber model approach also provides a reasonable nuclear
suppression for forward J/ψ production in pA collisions. The small value of Ncoll in the Glauber approach
corresponds to the case of the small value of c in the homogeneous approximation.
Finally, we just comment on the GBW model. The use of the GBW model also allows us to take into
account the rapidity evolution of the dipole amplitude easily [44; 45; 46]. The dipole amplitude in the GBW
model [47] is given by
SY (r⊥) = exp
[
−Q
2
s r
2
⊥
4
]
(27)
where the saturation scale is Q2s (x) = Q
2
s0 (x0/x)
λ with x0 = 0.000304, λ = 0.288, and Q2s0 = 1 GeV
2. These
parameters are fitted by DIS data analysis. Therefore, the dipole amplitude can be used for the proton. The
rapidity dependence of the dipole amplitude is only embedded in the saturation scale. When we apply the
GBW model to the nucleus, we should replace Q2s0 with Eq. (25).
4.2 Quadrupole amplitude
The qq¯ pair production in the color singlet state involves the quadrupole amplitude even if we take
the large-Nc approximation. The rapidity evolution of the quadrupole amplitude must be described by the
JIMWLK equation although solving the JIMLWK equation numerically is more complicated than the BK
equation. Interestingly, if the correlators of the color charges in the nucleus are Gaussian forms, the quadrupole
amplitude can be expressed in terms of the dipole amplitude only. For example, the specific expressions of
the dipole amplitude is given as follows [39; 58]:
QY (x⊥,y⊥;y′⊥,x
′
⊥)≈ SY (x⊥,x′⊥)SY (y′⊥,y⊥)−
ln
[
SY (x⊥,y′⊥)SY (x
′
⊥,y⊥)
]− ln[SY (x⊥,y⊥)SY (x′⊥,y′⊥)]
ln
[
SY (x⊥,x′⊥)SY (y
′
⊥,y⊥)
]− ln[SY (x⊥,y⊥)SY (x′⊥,y′⊥)]
× [SY (x⊥,x′⊥)SY (y′⊥,y⊥)−SY (x⊥,y⊥)SY (x′⊥,y′⊥)] (28)
where the large-Nc approximation has been assumed. In this case, the rapidity dependence of the quadrupole
amplitude can be calculated in terms of the rapidity evolution of the dipole amplitude. As reported in Ref. [59],
the Gaussian approximation can provide a good description of the rapidity dependence of the quadrupole
amplitude compared to the direct numerical results of the JIMWLK equation for the quadrupole amplitude.
In Ref. [22], a different form of the quadrupole amplitude is proposed in the Gaussian approximation.
5 Quarkonium production models
In this section, we review the concepts of CEM, CSM, and NRQCD approach for describing bound state
formation. These specific models have been incorporated with the small-x formalism to describe P⊥ distribu-
tion of J/ψ andϒ production in high energy pA collisions.
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5.1 Color Evaporation Model
Color Evaporation Model (CEM) is a simple phenomenological model based on quark-hadron duality
and has succeeded in describing many data [14; 15]. In the CEM, differential cross section for quarkonium
production can be written as
dσψ
d2P⊥dY
= Fqq¯→ψ
∫ 2Mh
2mq
dM
dσqq¯
dMd2P⊥dY
. (29)
The produced qq¯ pair is going to be bound into a quarkonium ψ with the probability Fqq¯→ψ . Indeed, Fqq¯→ψ
is a universal empirical factor and should be interpreted as a normalization factor for inclusive ψ production.
One must keep in mind that any K-factor in association with higher order correction is included in Fqq¯→ψ .
Since the CEM allows us to perform numerical calculations easily, the previous phenomenological studies
in the small-x formalism have employed the CEM [17; 18; 16; 55; 57]. The qq¯ pair production cross section
dσqq¯ is computed by using Eq. (9). In the CEM, all the qq¯ pairs transmute into quarkonium with the same
transition probability. Therefore, the color octet qq¯ pair is a dominant channel. The dominance of the color
octet channels corresponds to the concept of the large-Nc approximation.
5.2 Color Singlet Model
In Color Singlet Model (CSM), a qq¯ pair with right quantum number is only considered in contrast to the
CEM. The CSM has been studied actively after the discovery of J/ψ . The advantage of the CSM is that we
do not need any parameter in association with the bound state formation. However, it is known that the CSM
in the collinear factorization framework cannot describe J/ψ production at high P⊥ in hadronic collisions at
collider energies [60].
Nevertheless, the CSM has been employed in the many previous papers [19; 44; 45; 46; 20; 61; 62], al-
though the effective factorization is unclear for the CSM as explained in the previous section. One may expect
that the small-x formalism incorporated with the CSM at LO does not contribution to J/ψ production in high
energy pA collisions. However, interestingly, as indicated in Refs. [19; 62], color singlet direct quarkonium
production can be enhanced in pA collisions compared to the production in pp collisions.
To see the enhancement mechanism, let us first consider direct J/ψ production in pp collisions. The
quantum numbers of J/ψ are JPC = 1−−. If we assume for simply that both the protons are dilute objects, the
partonic scattering process at LO in pp collisions is g+ g→ J/ψ + g where a soft gluon is radiated in final
state. Therefore, the LO cross section for J/ψ production in pp collisions is of order O(α4s ) except for the
contribution from the projectile proton7.
On the other hand, in pA collisions, three gluons fusion process as g+ g+ g→ J/ψ can be significant
due to the multiple scattering of the qq¯ in the target nucleus. The LO cross section for J/ψ production in pA
collision is order O(α5s A2/3). Therefore, the three gluon fusion process seems to be suppressed compared to
the two gluon fusion in terms of the power counting. However, the quasi-classical approximation α2s A1/3 ∼
O(1) leads to O(α5s A2/3)→ O(αs). Thus, the color singlet direct J/ψ production can be enhanced in pA
collisions compared to the production in pp collisions.
Following the above qualitative discussion, we should consider the color singlet direct J/ψ production in
pA collisions carefully to compare the small-x formalism with data. We will comment on numerical results in
this respect in the next section.
5.3 Non-Relativistic QCD
Non-Relativistic QCD (NRQCD) factorization approach allows us to evaluate a relative contribution of the
qq¯ production in specific quantum state systematically [63]. At present, the collinear factorization framework
7 In pp collision, the splitting process g→ qq¯ is order O(αs), the gluon radiation in final state is order O(αs), the gluon
exchange between q or q¯ and the target proton is order O(α2s ). Therefore, the LO contribution in pp collision is order O(α4s )
in total. In pA collision, the multiple gluon exchange between q or q¯ and the target nucleus is order O(α2s A1/3). Therefore, one
finds the LO contribution in pA collision is of order O(α5s A2/3) in total. The power counting obtained in this paper is slightly
different from the result in Refs. [19; 62].
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Fig. 2 Differential cross section as a function of P⊥ for J/ψ production in pp (left) and pA (right) collisions at RHIC at forward
rapidity. All the results are computed in the small-x formalism incorporated with the CEM [17].
with the NRQCD long distance matrix elements (LDMEs) can describe P⊥ spectrum of J/ψ andϒ production
at high P⊥ in pp collisions at collider energies, although spin polarization puzzle is not resolved yet [14; 15].
Incorporating the NRQCD LDMEs into the small-x formalism has been performed in Refs. [23; 21; 22].
As discussed in Section 2, the v-expansion for the LDMEs is effectively ensured at forward rapidity. Therefore,
quarkonium ψ production in pA collisions in the small-x formalism incorporated with the NRQCD LDMEs
can be written as
dσψ
d2P⊥dY
=∑
κ
dσˆκqq¯
d2P⊥dY
〈
Oκψ
〉
(30)
where dσˆκ is the differential cross section for the qq¯ production in quantum state κ .
〈
Oκψ
〉
is referred to as
the universal NRQCD LDMEs. The LDMEs for the color octet channels can be extracted by data fitting using
the NRQCD collinear factorization framework at NLO [64; 65; 66]. The LDME for the color singlet channel
is given by nonrelativistic wave function of the qq¯ at origin (v= 0). In terms of the NRQCD power counting,
the important intermediate states for J/ψ andϒ production are listed below:
3S[1]1 ,
1S[8]0 ,
3S[8]1 ,
3P[8]0 (31)
where we use the standard spectroscopic notation (2S+1L[c]J ). Here, S is spin, L is angular momentum, J is total
angular momentum, and c is color of the qq¯ pair. For 3S[1]1 channel, Eq. (16) is used as the qq¯ pair production
cross section, while Eq. (19) is used for the other color octet channels.
The NRQCD factorization approach coincides with the CSM by taking the limit v→ 0. As derived in
Ref. [21], the color singlet channel in the small-x formalism with the NRQCD LDMEs corresponds to the early
results of the CSM obtained in Refs. [20; 61] by assuming the Gaussian approximation for the quadrupole
amplitude.
6 Numerical results
In this section, we show selected numerical results of J/ψ production in the small-x formalism. We restrict
ourself to forward quarkonium production in pp and pA collisions in the RHIC and LHC energies.
6.1 P⊥-spectrums
The numerical results of the differential cross section as a function of P⊥ for J/ψ production in pp col-
lision at RHIC at forward rapidity are shown in Fig. 2 (left). The theoretical results are computed in the
k⊥-factorization formula and the Hybrid formula incorporated with the CEM [17]. The k⊥-factorized formula
works moderately at lower P⊥ . 1 GeV whereas the Hybrid formula cannot describe data even in the low
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Fig. 3 P⊥ distribution of J/ψ production in pp and pA collisions at LHC in the small-x formalism with the CEM [17].
Fig. 4 P⊥-spectrums of J/ψ production in pp (left) and pA (right) collisions in the small-x formalism incorporated with the
NRQCD LDMEs [22; 23]. The numerical results in the NRQCD collinear factorization framework at NLO are also overlaid at
higher P⊥ for comparison.
P⊥, since the P⊥ of J/ψ is only supplied by the target proton in the LO Hybrid formula although the satura-
tion scale of the target proton is not large at RHIC. In fact, the P⊥ distribution of J/ψ depends on the rcBK
initial condition (MV or MVγ ), since xA lies in the vicinity of x0 = 0.01. However, we should keep in mind
that J/ψ production at high P⊥ must be described in the collinear factorization framework rather than the
small-x formalism. Roughly speaking, the small-x formalism can describe J/ψ production in pp collisions at
P⊥ . Qsp.
We also show in Fig. 2 (right) the numerical results of J/ψ production for minimum bias events in pA
collisions in the small-x formalism with the CEM. The results are computed by using Eq. (25) with c= 1 for
the initial condition for the target nucleus. Due to the large saturation scale for the nucleus, the P⊥ distribution
of J/ψ at lower P⊥ can be described well by the small-x formalism, although the uncertainties in association
with the initial condition for the rcBK equation for the nucleus remain.
Next, we show in Fig. 3 the results of J/ψ production at LHC in the small-x formalism with the CEM.
Thanks to the rapidity evolution of the dipole amplitude, the uncertainty in association with the initial condi-
tion for the rcBK equation becomes slightly smaller both in pp and pA collisions.
A caution concerning the UGDF of the projectile proton is noted here. In fact, an extrapolation of the
UGDF at xp > x0 is required to compute the differential cross section for the forward J/ψ production. For ex-
ample, we can introduce a scaling function as employed in Refs. [17; 16; 55]. As another choice, in Ref. [22],
they consider a matching between the UGDF and the collinear gluon distribution function numerically. In
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Fig. 5 Early predictions of RpA of J/ψ production at LHC in the small-x formalism incorporated with the CEM by setting c= 1
in Eq. (25) [17].
this respect, one must keep in mind that the extrapolation of the UGDF at x ≥ x0 necessarily involves large
systematic uncertainties.
The small-x formalism incorporated with the CEM can moderately describe the low P⊥ J/ψ production in
pp and pA collisions at RHIC and LHC. However, in order to describe the P⊥ distribution of J/ψ production
more correctly, we should consider the dynamics of bound state formation because we need to clarify dom-
inant channels in J/ψ production. Therefore, we must consider the small-x formalism incorporated with the
NRQCD LDMEs for describing J/ψ production.
Fig. 4 (left) shows the first numerical results for J/ψ production (and also ψ ′ for comparison) in pp
collisions in the small-x formalism with the NRQCD LDMEs at RHIC and LHC. In Ref. [23; 22], they use
the k⊥-factorized framework with the MV initial condition for the rcBK equation. Regarding the NRQCD
LDMEs, they extract those from Tevatron data of prompt J/ψ production at high P⊥. In Fig. 4, the results of
the NRQCD approach in the usual collinear factorization framework at NLO are also shown for comparison.
One finds immediately that the small-x formalism with the NRQCD LDMEs can describe all the data of J/ψ
production at low P⊥ within the uncertainties, which are inherited from the LDMEs. On the other hand, the
NRQCD collinear factorization framework can reproduce the data at larger P⊥. These results suggest that we
should switch from the small-x formalism to the usual collinear factorization framework around P⊥ ∼ 5 GeV,
although the quantitative value of the switching point can vary more or less. We should keep in mind that the
results at mid rapidity are computed by assuming the effective factorization as explained in Section 2.
Ref. [22] also reported that the contribution of the color singlet direct J/ψ production in the small-x
formalism with the NRQCD LDMEs is about 10% of the total cross section in pp collision at most, although
the factorization for the CSM is not clear. This implies that the color singlet channel is negligible for J/ψ
production at low P⊥ at collider energies. In other words, the color octet channels dominate in J/ψ production
from low P⊥ to high P⊥ in hadronic collisions.
The numerical results of the P⊥ distribution of J/ψ production in pA collisions in the small-x formalism
with the NRQCD LDMEs are shown in Fig. 4 (right). For comparison, the numerical results obtained in the
collinear factorization NRQCD framework at NLO with use of nuclear PDF are also shown. One can find all
the numerical results are in good agreement with data at RHIC and LHC. As mentioned in Section 5, it is
expected that the color singlet channel for J/ψ production can be enhanced in pA collision compared to pp
collision. In fact, in Ref. [23], they found that the contribution of the color singlet direct J/ψ production is
about 15%-20% at low P⊥ in pA collision. This value is slightly larger than that in pp collisions. However, we
can conclude that the color singlet channel in the small-x formalism incorporated with the NRQCD LDMEs
is not important for J/ψ production in both pp and pA collisions after all.
6.2 Nuclear suppression in minimum bias events
The small-x formalism contains some uncertainties in association with the input parameters, the initial
condition for the rcBK equation, and the LDMEs. These uncertainties can be reduced in nuclear modification
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Fig. 6 Improved predictions of RpA of J/ψ production at LHC in the small-x formalism with the CEM by using Eq. (26). The
figures are from [18].
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Fig. 8 RpA of J/ψ production in the small-x formalism incorporated with the NRQCD LDMEs. The figures are taken from
Ref. [23].
factor:
RpA =
1
A
d3σpA/d2P⊥dy
d3σpp/d2P⊥dy
. (32)
We show in Fig. 5 the genuine predictions for the RpA of J/ψ production in pA collisions at LHC in the
small-x formalism with the CEM [17]. In Ref. [17], Eq. (25) with c= 1 is used for the rcBK initial condition
for the target nucleus8. Surprisingly, the naive evaluation in the small-x formalism incorporated with the CEM
provides a strong suppression of the RpA for forward J/ψ production at LHC.
8 Q2s0,A = (4−6)Q2s0 is used for numerical calculations in Ref. [17].
15
Fig. 9 Event activity dependence of QpA and ∆〈P2⊥〉pA for forward J/ψ production in pA collisions at LHC. Figures are taken
from Ref. [57].
In order to understand the strong J/ψ suppression in pA collisions in the small-x formalism with the
CEM, the impact parameter dependence, which is missed in the early results in the small-x formalism, should
be studied. Originally, the impact parameter dependence has been assumed to be weak for simplicity in the
small-x formalism. However, in fact, the gluon density in the transverse plane of the nucleus must be small
at the edge of the nucleus. Therefore, if we take into account the gluon density in the nucleus correctly, the
saturation effect can be weak or moderate than the naive estimate by Eq. (25) with c= 1.
Fig. 6 shows the numerical results in the Hybrid formula incorporated with the CEM by using the optical
Glauber model which allows us to take into account the impact parameter dependence explicitly [18]. The
improved results of the RpA for forward J/ψ production are more close to the LHC data compared to the
early predictions. As explained in Section 4, they effectively set the Ncoll , which is embedded in the initial
condition for the rcBK equation for the nucleus, to be small for the minimum bias event due to the small
value of σ0/2. Interestingly, by using Eq. (25) with c = 0.5 for the initial condition for the rcBK equation9,
the similar nuclear suppressions are obtained as shown in Fig. 7.
In addition to the results obtained in the small-x formalism incorporated with the CEM, it is interesting
to compare the results in the small-x formalism with the NRQCD LDMEs with the LHC data. As checked in
Refs. [22; 23], the color singlet channel does not contribute to the total cross section for J/ψ production in
pp and pA collisions. Therefore, we can expect that the nuclear suppressions of the color octet contributions
in the small-x formalism with the NRQCD factorization is the same as the one in the small-x formalism with
the CEM.
Fig. 8 shows the RpA for forward J/ψ production at LHC computed in the small-x formalism incorpo-
rated with the NRQCD LDMEs [23]. Although it is hard to determine the most dominant channel for J/ψ
production, one finds that the individual channels are in good agreement with the LHC data within the large
uncertainties in association with the NRQCD LDMEs. The P⊥ distribution of the RpA for J/ψ production
depends on the quantum state of the produced qq¯ pair in the intermediate state, since each of the channels
has its own hard matrix element. In fact, the moderate J/ψ suppression in the small-x formalism with the
NRQCD LDMEs comes from the fact that the MV initial condition for the rcBK equation with Q2s0,A = 2Q
2
s0
is used for the target nucleus [23].
From all the above results obtained in the small-x formalism incorporated with the CEM and also the
NRQCD LDMEs, we can conclude that we need to at least set the small value of the saturation scale for the
target nucleus to describe the LHC data of forward J/ψ production in pA collisions.
6.3 Event activity dependence
In addition to minimum bias events, event activity dependence (or centrality dependence) of J/ψ produc-
tion in pA collisions is also useful to examine the gluon saturation dynamics in the target nucleus. Particularly,
correct understanding of the impact parameter dependence of the saturation effect in pA collisions enables us
9 Q2s0,A = 3Q
2
s0 is used in Ref. [55].
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to study the underlying physics behind the moderate J/ψ suppression in pA collisions at LHC at forward
rapidity.
The nuclear modification factor for each event activity in pA collision is defined as
QpA =
1
A〈TA〉
d3NpA/d2P⊥dy
d3σpp/d2P⊥dy
(33)
where dNpA is the invariant yield for J/ψ production in pA collisions and 〈TA〉 is related to the number of
binary collision Ncoll, namely, the centrality class [67]. It is naively anticipated that the nuclear suppression
of forward J/ψ production in pA collisions should be more pronounced at large Ncoll rather than small Ncoll.
In the optical Glauber model, large Ncoll corresponds to central pA collision while small Ncoll corresponds to
peripheral collision, although Monte Carlo Glauber model does not provide such a simple picture.
Fig. 9 (left) shows the QpA of forward J/ψ production at LHC as a function of Ncoll computed in the
small-x formalism incorporated with the CEM and Eq. (26) [57]. The theoretical results strongly depend on
the value of Ncoll in pA collision. This is because the Wood-Saxon nucleon distribution used in the optical
Glauber model gives the strong impact parameter dependence of Ncoll. However, the LHC data shows the
Ncoll distribution of the QpA is rather gradual than the theoretical results.
Fig. 9 (right) shows the Ncoll dependence of the P⊥ broadening of forward J/ψ production at LHC. One
finds that the deviation ∆〈P2⊥〉pA = 〈P2⊥〉pA−〈P2⊥〉pp strongly depends on the value of the Ncoll while the LHC
data shows the Ncoll dependence of the ∆〈P2⊥〉pA is not so large in fact.
We must address this issue in the future by improving the small-x formalism. Of particular important point
is that we must reproduce both the smaller saturation scale of the nucleus in the minimum bias event and the
gradual change of the Ncoll as the centrality changes.
7 Sudakov implementation in the Small-x formalism
In principle, ϒ production in pA collisions can be calculated in the small-x formalism by incorporating
with the CEM or the NRQCD LDMEs, since the discussion in Section 2 holds true forϒ . One expects that P⊥
distribution of ϒ production in pp or pA collisions should be similar to the one for J/ψ due to the saturation
effects with similar kinematics and physical input parameters between ϒ and J/ψ , although the mass scale
of ϒ is different from the one of J/ψ . However, the small-x formalism cannot describe the P⊥ distribution
of ϒ production in pp at LHC even in the very forward rapidity region [17; 18]. Indeed, the LHCb data [68]
shows that the mean P⊥ ofϒ in pp collisions is much larger than that of J/ψ [69] for a wide range of rapidity
windows.
This fact does not implies that the small-x formalism is completely wrong or cannot be applied to ϒ pro-
duction. Here, we must realize that the large mass scale ofϒ should open a large phase space forϒ production
at M P⊥. The large phase space can allow us to take into account parton shower (soft gluons emission) ef-
fect in initial state. For ϒ production, parton shower effect can be expressed as Sudakov double logarithmic
corrections, αsNc2pi ln
2 M2
P2⊥
[36; 70; 71]. The Sudakov double logarithmic corrections can be resummed by using
Colins-Soper-Sterman (CSS) formalism [72], while the small-x logarithmic correction is αsNc2pi2 ln
1
x which can
be resummed using the BK equation. Thus, we must take into account these large corrections simultaneously
forϒ production at low P⊥ in the forward rapidity.
Now we go throughϒ production in pp collision in the small-x formalism incorporated with the CEM and
the Sudakov factor. In practice, by taking into account the parton shower effect in the small-x formalism, the
initial gluon distribution for the projectile proton can be modified. Therefore, the differential cross section for
forward qq¯ pair production in pp collisions in the Hybrid formula can be cast into [73]
dσqq¯
d2q⊥d2p⊥dyqdyp
=
αsNcSp⊥
64pi2CF
∫
d2l⊥d2k⊥Ξcoll(k2⊥,k⊥− zl⊥)FTMD(l⊥)FYp′ (k⊥)FYp′ (k2⊥− k⊥+ l⊥) (34)
where we have already assumed the large-Nc approximation. Ξcoll is the hard scattering part in the Hybrid for-
mula. In the above expressions, we have introduced the momentum fraction z for the quark z= q+/(q++ p+)
and zp = 1−z for the antiquark. The new transverse momentum dependent (TMD) gluon distribution function
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Fig. 10 P⊥ distributions of J/ψ andϒ production in pp collisions at
√
s= 7 TeV at Y = 4.25. Blue solid (Red dashed) lines are
the results in the small-x formalism without (with) the Sudakov factor.
for the projectile proton is given by
FTMD(M, l⊥) =
∫ d2b⊥
(2pi)2
e−ib⊥·l⊥e−SSud(M,b⊥)xpG
(
xp,µ =
c0
b⊥
)
(35)
where xpG is the collinear gluon distribution function for the projectile proton at momentum fraction xp.
In the CSS formalism, the Sudakov factor is separated from the perturbative part and the nonperturba-
tive part as SSud(M,b) = Sperp(M,b?) + SNP(M,b) by using b?-prescription: b? = b/
√
1+(b/bmax)2. The
perturbative part of the Sudakov factor for b? ∼ b bmax is given by
Sperp(M,b) =
∫ M2
c0/b2
dµ2
µ2
[
A ln
(
M2
µ2
)
+B
]
(36)
where the coefficient functions A and B can be calculated perturbatively as A= ∑
i=1
A(i)
(αs
pi
)i and B= ∑
i=1
B(i)
(αs
pi
)i.
For the one loop correction, A(1) =CA and B(1) = −(b0 + 12δ8c)Nc where b0 =
( 11
6 Nc−
n f
3
) 1
Nc
. As for B(1),
the factor δ8c is significant only in the production of a color octet qq¯. The nonperturbative Sudakov factor for
b > bmax can be determined by data fitting. In Ref. [71], the nonperturbative Sudakov factor is determined
with the following functional form:
SNP(M,b) = exp
[
b2
2
(
−g1−g2 ln
(
M
2Q0
)
−g1g3 ln(100xpxp′)
)]
(37)
where the parameters g1, g2, g3, Q0, and bmax are found in Ref. [71].
Fig. 10 shows the numerical results for J/ψ and ϒ production in pp collisions at
√
s = 7 TeV at forward
rapidity in the small-x formalism incorporated with the CEM [73]. As obtained in Refs. [17; 18], the forward
ϒ production cannot be described in the small-x formalism without the Sudakov factor. On the other hand, the
calculation with the parton shower effect using Eq. (34) reproduces the LHC data points of ϒ production in
pp collisions. The parton shower effect also modifies the P⊥ distribution of J/ψ production in pp collisions
slightly.
Of particular importance is that the parton shower effect is dominant than the saturation effect for ϒ
production in pp collisions but less pronounced forϒ production in pA at forward rapidity, since the saturation
scale for the target nucleus is larger than the one for the proton. Clearly speaking, although ϒ production is
still an interesting probe to investigate the gluon saturation dynamics in hadron and nucleus, the parton shower
effect is indispensable in order to consistently describeϒ productions in the small-x formalism. The same can
be said of J/ψ production.
We comment on the uncertainty bands of the numerical results shown in Fig. 10. The factorization scale
µ is chosen between 2 or 5 GeV to 30 GeV in the small-x formalism without the Sudakov factor. On the
other hand, by incorporating the CSS formalism with the small-x formalism, one can choose µ = c0/b⊥ in
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the coordinate space. Therefore, no uncertainty in association with the choice of µ is shown in Fig. 10 for the
results obtained in the small-x formalism with the Sudakov factor.
In addition, one must keep in mind that so-called Y -term is missed in this calculation [74]. Necessarily,
FTMD becomes negative at P⊥ & M in which the CSS formalism is no longer valid. Indeed, one finds in
Fig. 10 that the P⊥ spectrums of J/ψ and ϒ with the Sudakov factor decreases rapidly at large P⊥ compared
to the fixed order results without the Sudakov factor. The Y -term is required to connect the small-x formalism
incorporated with the Sudakov factor to the fixed order calculation which is responsible for the large P⊥
region, although we should switch the small-x formalism to the collinear factorization framework at large P⊥.
8 Summary
In this paper, we have gone through J/ψ andϒ production in pp and pA collisions at RHIC and LHC in the
small-x formalism. The small-x formalism is originally derived for a dilute-dense system of order O(ρ1pρ∞A )
which accords with pA collision and pp collision at forward rapidity. The concept of the effective factorization
between the short distance hard scattering part and the long distance bound state formation process allows
us to apply the small-x formalism to the qq¯ pair production in pA collisions and pp collisions, although a
systematic description of bound state formation depends on the model at present.
As shown in Section 6, the small-x formalism can describe the P⊥ spectrum for forward J/ψ production at
P⊥ .Qs in pp and pA collisions at RHIC and LHC by incorporating either the CEM or the NRQCD LDMEs,
although the small-x formalism cannot predict the normalization due to the large uncertainties, including the
input parameters, the initial condition for the rcBK equation. The consequence of the small-x formalism with
the NRQCD approach is that the color octet channels dominate in J/ψ production at low P⊥ both in pp and
pA collisions.
The nuclear modification factor of J/ψ for minimum bias event and several centrality classes in pA colli-
sion almost do not depend on the input parameters except for the initial condition for the rcBK equation for
the target nucleus. The previous papers [18; 23; 55] suggested that the initial saturation scale for the target
nucleus for minimum bias event should be small value (Q2sA = (2−3)Q2sp) to reproduce the RpA for J/ψ pro-
duction at LHC in the forward rapidity region. In the mean time, we need to model further the initial condition
for the rcBK equation for the target nucleus to describe the Ncoll dependence of the QpA. These improvements
certainly require an approach beyond the optical Glauber model.
For ϒ production, the parton shower effect is indispensable to interpret data. For J/ψ production, the
parton shower effect could be also important, however, we may have to consider nonperturbative effect at low
P⊥ for J/ψ production. Thus far, the parton shower effect on quarkonium production has been studied in the
small-x formalism incorporated with the CEM. It is interesting to perform the same calculation in the small-x
formalism with the NRQCD LDMEs. In order to address this calculation, we should also conduct full NLO
calculations for the qq¯ pair production in pA collisions in the small-x formalism.
Finally, it is worth giving comments on ψ(2S) production in the small-x formalism. Interestingly, for
ψ(2S) production, final state interaction can play an important role to describe data, since ψ(2S) is the loosely
bound state. In fact, the LHC data shows that the nuclear modification factor for ψ(2S) production in pA col-
lisions at forward rapidity is strongly suppressed than that of J/ψ production [75]. The saturation effect must
be more or less the same between J/ψ and ψ(2S). Therefore, the data indicates that the so-called comover
interaction in final state can affect ψ(2S) production [33]. The final state interaction is likely to violate the
factorization between the hard part at short distance and the bound state formation part at long distance. Nev-
ertheless, by taking into account both the saturation effect and the comover effect simultaneously, the nuclear
suppressions of J/ψ and ψ(2S) can be described well in the small-x formalism. The details of a calculation
of ψ(2S) production in the small-x formalism will be reported separately [76].
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